ABSTRACT. We obtain inequalities for the Riesz means for the discrete spectrum of a class of self-adjoint compact integral operators. Such bounds imply some inequalities for the counting function of the Dirichlet boundary problem for the Laplace operator. The paper is an extension of the results previously obtained in [5] .
The general theory of homogeneous distributions (see for example [2, 1] ) says that if u P S 1 pR d q is homogeneous of degree q, then p u is a homogeneous distribution of degree´q´d. In addition, if u P C 8 pR d z t0uq, then also p u P C 8 pR d z t0uq. Therefore p K is a real-valued homogeneous of ordeŕ α function.
The operator K is a compact self-adjoint operator in L 2 pΩq that might have positive and negative eigenvalues tsk u The aim of this paper is to give both upper and lower bounds for the Riesz means of the operator K.
The structure of the paper is as follows. In Section 1 we fine and prove an upper bound for the Riesz means of arbitrary compact integral convolution type operator in L 2 pΩq, where Ω Ă R d is a domain of finite measure. In Section 2 we obtain the lower bound which is more involved only for homogeneous kernels and Ω being strictly convex. Section 3 presents some special cases and applications.
THE UPPER BOUND
Let Q be a distribution from S 1 pR d q such that its Fourier transform p Q P L 
Proof. Let tψk u be the orthonormal system of eigenfunctions of the operator Q corresponding to the eigenvalues λk . Then by definition we have
Extending ψk by zero outside Ω and using the Plancherel theorem we obtain ÿ k p|λk |´λq"
Let e ξ pxq " e iξ¨x . We now use that tψk u is the orthonormal system of functions in L 2 pΩq and derive using Parseval's identity ÿ
This finally implies ÿ
The proof is complete.
Let now Q " K defined in (1) . The next statement follows immediately from Theorem 1 by changing variables in the integral in (3) by substituting the homogeneous function p Kpξq given by (2). 
Similarly we obtain the following result related to the Helmholtz operator. 
THE LOWER BOUND
Let Ω Ă R d , d ě 2, be a strictly convex domain of finite measure, |Ω| ă 8, and suppose that there exists P P C 8 pR d q such that the boundary BΩ is given by P pxq " 0, and that |∇P | " 1 on BΩ.
The proof of the lower bound is more involved and requires some geometric considerations about the domain Ω. Due to convergence issues, we need to make the assumption 0 ă α ă d´1 throughout this section.
Let ½ Ω be the characteristic function of Ω, and introduce the function
Geometrically, ηpzq measures the volume of intersection of Ω with its translation by a vector z. We write z " rz, where r " |z| andz P S d´1 , so we can consider η as a function defined on r0, 8qˆS d´1 . We want to compute the first terms in the Taylor expansion of η (in the sense of distributions) around p0,zq. We have ηpr,zq " ηp0,zq`rη It is clear that ηp0,zq " |Ω|, and in [5] the second term is computed using the formula ∇½ Ω pzq " δpP q∇P pzq (see [1] ):
δpP pz`yqqp∇P pz`yq,zq½ Ω pyq dy.
In order to compute this, we use the following fact about the composition of the Dirac delta function with another function, which holds for f, g :
where σ is the surface measure on f´1p0q. We then have
where L z is the intersection of the domain Ω with the surface P pz`yq " 0 (L p0,zq will be understood as a limit, and it will depend on the directionz), and σ is the surface measure on L z . For the second equality, we used the fact that |∇P | " 1 on BΩ.
We need the following geometric fact. Let R Ω " min distpu 1 , u 2 q where the minimum is taken over all points u 1 , u 2 P BΩ such that p∇P pu 1 q, ∇P pu 2"´1; in other words, R Ω is the diameter of the largest sphere entirely contained in Ω, or the maximum number with the property that Ω X pz`Ωq ‰ H for all |z| ă R Ω . Then there exists a family of diffeomorphisms
onto the surface L z , for |z| ă R Ω , which is infinitely differentiable in z.
This fact allows us to change variables and to obtain η 1 r pr,zq "
where JpT z q is the Jacobian determinant of T z . Since the integrand above is a smooth function of z, this shows that η is smooth on r0, R Ω qˆS d´1 .
We can then write down the Taylor expansion of η around r " 0 in the form
where A Ω is a smooth function on S d´1 and B Ω pr,zq " 
Kpzq|z|A Ω pzq, so F is a homogeneous function of degree d´α`1. By the general theory, p F is a homogeneous function of degreé α´1. Since p K is also homogeneous of degree´α, then there exist continuous functions f, g :
sgnpf pθqq|f pθq| d´α´1 α gpθq dσpθq.
We are now ready to state the main result of this section. 
Before we prove this Theorem, we need some auxiliary results.
Proposition 6. Let h : R d Ñ R be a smooth function with support contained in the ball of radius R centred at 0, for some R ą 0 and let v be a homogeneous function of order κ´d, κ ą 0. Then the Fourier transform x vh of the product vh satisfies
Proof. Since h is smooth we can consider the its Taylor expansion around zero with a remainder term. Each term of the expansion is a homogeneous function that has a weaker singularity at zero than κ. The Fourier transform of the product of the remainder term and v decays to zero as fast as we like depending on the number of term in the Taylor expansion.
We now to apply Proposition 6 in the context of the Taylor expansion of η, where the function B is only smooth on r0, R Ω qˆS d´1 . In order to avoid this problem, we introduce a smooth even function κ : R d Ñ R such that 0 ď κ ď 1, κpxq " 1 for |x| ď R Ω {2, and κpxq " 0 for all |x| ě R Ω . Now the function h " κB satisfies the conditions of Proposition 6.
Let K 0 " κK and consider the operator
This is a compact self-adjoint operator on L 2 pΩq with positive and negative eigenvalues µk ( 8 k"1 accumulating at 0. The kernel of the operator K 0´K is smooth. Therefore, using [7] (see also [6] ), we see that the eigenvalues νn of the operator K 0´K satisfy νn " opn´lq, for all l ą 0. Therefore it is sufficient to prove our result for K 0 .
Proof of Theorem 5. Let φk
( be an orthonormal set of eigenfunctions of K 0 corresponding to the eigenvalues µk . Fix λ ą 0 and let ϕpxq :" p|x|´ λq`. Then we have ÿ
Recall that e ξ pxq " e ix¨ξ . Using the spectral theorem for compact selfadjoint operators, we obtain ÿ
where E µ is the spectral measure of K 0 .
Since ż dpE µ e ξ , e ξ q " |Ω| for all ξ P R N , then 1 |Ω| dpE µ e ξ , e ξ q is a probability measure. Because also ϕ is convex, then we can apply Jensen's inequality to obtain ϕˆż µ 1 |Ω| dpE µ e ξ , e ξ q˙ď 1 |Ω| ż ϕpµq dpE µ e ξ , e ξ q.
But, by the spectral theorem again, ż µ dpE µ e ξ , e ξ q " pK 0 e ξ , e ξ q "
Using the expansion of η, we have ż
where G 1 pzq " K 0 pzq|z|Apzq and G 2 pzq " K 0 pzq|z| 2 Bp|z|,zq.
We have
Since κ " 1 near 0, then Kpzqp1´κpzqq is smooth on R d , so, by integration by parts, the integral in this relation is Op|ξ|´kq as |ξ| Ñ 8, for all k ą 0. Similarly, x G 1 pξq " |Ω| p F pξq`Op|ξ|´kq as |ξ| Ñ 8, for all k ą 0. Finally, by Proposition 6, we have x G 2 pξq " Op|ξ|´α´2q. Putting all these together, we obtained that
where Gpξq " Op|ξ|´α´2q as |ξ| Ñ 8.
Going back to the computations above, we have
Thus, we need to estimate
Denote the two integrals on the right hand side by I 1 and I 2 , respectively.
Since Gpξq " Op|ξ|´α´2q as |ξ| Ñ 8, there exist constants M, C ą 0 such that |Gpξq| ď M|ξ|´α´2 for all |ξ| ě C.
Let B C be the ball of radius C centered at the origin. We can estimate the integral I 1 by splitting it into an integral over B C and an integral over its complement, and treating each term separately. The integral over B C can be bounded easily using the inequality pX`Y q`ě X`´|Y |, and we obtain ż Using this, we can also estimate the second term ż
Adding up (6) and (7), we have obtained
as λ Ñ 0. Similarly, we could bound I 1 from above, so inequality (8) is in fact an equality.
Exactly the same method could be applied to I 2 where we obtain
and thus
Kpξq`p F pξqˇˇ´λ¯`dξ`Opλ´d´α´2 α q as λ Ñ 0. We are now left to compute the integral appearing in this expression. Using polar coordinates pr, θq, this becomes ż
We will use the following Lemma to compute this integral.
Lemma 7. Let C 1 , C 2 P R be constants, and µ ą 0 a variable which will be allowed to tend to 0. Then
as µ Ñ 0.
Proof. Let h : p0, 8q Ñ R be defined by hprq "
We first need to find for which values of r we have hprq ě µ and hprq ď´µ.
We distinguish a number of cases depending on the sign of the constants C 1 and C 2 . The case C 1 " 0 is immediate.
If C 1 ą 0 and C 2 ă 0 (the case C 1 ă 0 and C 2 ą 0 is very similar), then the function h increases from´8 up to a positive value and then decreases to 0. The equation hprq "´µ has one real solution r´pµq, and the equation hprq " µ has, for µ small enough, exactly two real solutions, say r1 pµq ă r2 pµq (see Figure 1 ). Then h´1pp´8,´µsq " p0, r´pµqs, and h´1prµ, 8qq " rr1 pµq, r2 pµqs. These roots can be estimated as follows
as µ Ñ 0. A straightforward (yet rather tedious) computation then gives (9). If C 1 ą 0 and C 2 ě 0 (and similarly if C 1 ă 0 and C 2 ď 0), then the function h is strictly decreasing from 8 to 0, so the equation hprq " µ has a unique solution r`pµq, and h´1pr1, 8qq " rr`pµq, 8q (see Figure 2) . We can estimate the root
as µ Ñ 0 and (9) follows easily. Using this Lemma we have ż
The first term on the right hand side of this equation can be simplified using ż
This completes the proof of Theorem 5.
APPLICATIONS
Let us consider a special case of spherically symmetric kernels
where C " π´d {2 2´α
If, moreover, α ă d´1, we also have the lower bound ÿ
Proof. Using Theorem 1 we find ÿ
For the lower bound, keeping the notation from the previous section, we first need to compute the constant γ " ş S d´1 gpθq dθ. Consider the function Epzq " e´| z| 2 {2 , so p Epξq " p2πq d{2 Epξq. By Parseval's theorem we have
Using polar coordinates z " rθ on both sides this becomes
A Ω pθq dσpθq
Changing the variable y " r 2 {2 and using the definition of the gamma function, we finally obtain
A Ω pθq dσpθq, and the bound follows from Theorem 5.
This inequality allows us to obtain a bound on the number of the eigenvalues greater than λ.
Corollary 10. Let p Kpξq " |ξ|´α, 0 ă α ă d. Then K ě 0, the eigenvalues of λ k ě 0 and for the number of the eigenvalues greater than λ of the operator K we have
Proof. Let
inimising with respect to τ we find τ " λp1´α{dq and thus arrive at (11).
Let us consider spectrum of the operator of Dirichlet boundary value problem´∆ D acting in L 2 pΩq, where Ω Ă R d is a domain finite measure.
∆upxq " νupxq,
The best known estimate known estimate for the number Npνq of the eigenvalues tν k u below ν of this operator follows from the sharp semiclassical inequality for the Riesz means ÿ k pν´ν k q`ď p2πq´d |Ω| ν 1`d{2 ż |ξ|ă1 p1´|ξ| 2 q dξ.
The latter implies (see [4] ) [3] .
